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Abstract. We define the singular eUiptic genus for arbitrary normal 
surfaces, prove that it is a birational invariant, and show that it general- 
izes the singular elliptic genus of Borisov and Libgober and the stringy 
Xy genus of Batyrev and Veys. 



1. Introduction 



The generalization of smooth invariants to singular varieties has a number 
of interesting applications. One example is the topological mirror symmetry 
test, which asserts that mirror pairs Z and Z must have mirror Hodge 
numbers in the sense that h^'^{Z) = When either Z or Z is 

singular, it turns out that one has to replace ordinary Hodge numbers with 
the stringy Hodge numbers of Batyrev. For Z a Q-Gorenstein variety with 
log-terminal singularties, Batyrev defines the stringy Hodge numbers of Z 
as the coefficients of u^v'^ of the stringy i?-function, constructed as follows: 
Take f : X ^ Z to he a log resolution of singularities with Kx = f*Kz + 
Y^jdiDi. Then Estr{Z;u,v) = 



Here D°j = P|j Dj\ (J jc Di, and E{Dj; u, v) denotes the ordinary £'-function. 
Log-terminality means that ai > —1. In particular, we need not worry about 
dividing by zero in the above expression. Batyrev's stringy i?-function has 
an elegant interpretation in terms of motivic integration, and its indepen- 
dence on the choice of a log resolution ultimately follows from the change of 
variable formula for motivic integrals. In addition to providing the proper 
context for the topological mirror symmetry test, the stringy ii^- function is 
an important tool in Batyrev's proof of the McKay correspondence [2J. 

Along similar lines, Borisov, Libgober, and Chin-Lung Wang have gener- 
alized the complex elliptic genus to Q-Gorenstein varieties with log-terminal 
singularities. With X and Z defined as above, the singular elliptic genus of 
Z is defined by the formula: 



Here Xi denote the formal Chern roots of the holomorphic tangent bun- 
dle TX. The independence of Ell{Z; z,t) on the choice of a log resolution 
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follows from the weak factorization theorem of Wlodarczyk This gener- 
alization of the elliptic genus plays an essential role in Chin-Lung Wang's 
proof that i^-equivalent varieties have the same elliptic genus [8], and in 
Borisov and Libgober's proof of the McKay correspondence for elliptic gen- 
era [4]. 

It is interesting to note that the above two approaches to defining smooth 
invariants of singular varieties, while coming from very different viewpoints, 
nevertheless fail for the same class of singularities, i.e., for the non-log- 
terminal ones. This is for the simple reason that if we allowed a discrepancy 
coefficient to be —1, we would have to divide by zero in either equations 
(dl) or (l2|). This paper began as an attempt to overcome this obstacle. In 
particular, we will show that we can define the singular elliptic genus for ar- 
bitrary normal surfaces. Partial work has been done in this area by Willem 
Veys [7j, who extended Batyrev's stringy i?-function for normal surfaces 
without purely log-canonical singularities. The singular elliptic genus de- 
fined in this paper generalizes Veys' stringy Xy genus in this setting, as well 
as the singular elliptic genus of Borisov, Libgober, and Chin-Lung Wang. 

Acknowledgements. Much of the research for this paper was conducted 
during the author's stay in Zhejiang University, Hangzhou. The author 
wishes to thank Zhejiang University for its generous hospitality. 

2. Preliminaries 

2.1. Theta function identities. We will make use of the following prop- 
erties of the Jacobi theta function 

oo oo 

i9(t,r) = g5 2sin7rt - g") - g"e2^**)(l - g^e'^^^*) 

n=l n=l 

where q = e^'^*'^. The action of SL2{'L) on C x H given by 

/ X , t ar + b. 

CT + a CT + a 

induces a corresponding action on '&{t,T). With respect to the generators 
of the SL2{1') action: (t,T) i-^ {t,T + 1) and (t,T) i-^ (^,^) we have the 
following transformation formulas for 'd{t,T): 

(3) ^9(t,T + l) = e"'/^i9(t,r) 

(4) ^(^,-i) = i./^e-^*V^^(i,r) 

r r I \j I 

We will also make use of the translation rules: 

^(t + r, r) = -g-i/2g-2^it^(^^ ^) 
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2.2. The Elliptic Genus. The elliptic genus Ell{X; z, r) of a smooth com- 
plex n-manifold X is defined as the index of the operator: 

oo 

9 (g) A^ygn-lT*X ® A_y-lgnTX SgnT*X SgnTX. 

n=l 

Here TX is the holomorphic tangent bundle; At{E) and St{E) denote the 
formal sums of exterior and symmetric powers of tE; and y, q are defined 
by y = e^'^*^ and q = e^'^*'^. By Riemann-Roch, this index is given by the 
following integral involving the formal chern roots Xj of TX: 

One sees from the above expression that special values of the elliptic genus 
produce many interesting geometric invariants. For instance, Ell{X; z,q = 
0) = where x~y is the Hirzebruch X-y genus, and Ell{X; ^, r) 

reproduces the signature. 

If = ^ ajZ^j is a smooth divisor with simple normal crossings and coef- 
ficients ai ^ —1, Borisov, Libgober, and Chin-Lung Wang have extended the 
notion of elliptic genus to that of the pair {X, D) by setting Ell{X, D; z, r) 
equal to the expression on the RHS of ([2|) [3^, "8] . 

2.3. Definitions from singularity theory. We say that a singular variety 
Z is Gorenstein (resp. Q-Gorenstein) if Kz is Cartier (resp. Q-Cartier). In 
general, this technical assumption is required in order to make sense of the 
pull-back of the canonical class of Z. However, if Z is a normal surface, we 
can always make sense of the pull-back of Kz essentially using the adjunction 
formula. 

Under these assumptions, let / : X ^ Z be a resolution of singularities. 
We say that X is a log resolution if the exceptional components of the 
resolution are smooth divisors with simple normal crossings. Writing Kx = 
f*Kz+^ ttiDi, we say that the singularities of Z are log-terminal (resp. log- 
canonical) if the discrepancy coefficients Oj satisfy Oj > — 1 (resp. Oj > — 1). 
We say that the singularities of Z are purely log-canonical if they are log- 
canonical and not log-terminal. 

3. Singular Elliptic Genus 

3.1. Definitions and Notation. We begin by setting up some notation. 
Let X be a smooth surface and C = ^ OjCi a smooth divisor on X with 
simple normal crossings. We define a labeled graph r(C) as follows: For 
each component Ci, we draw a vertex Vi. Whenever Cj intersects Cj, we 
draw CiCj edges connecting Vi to vj. Finally, we assign the label {ai,mi,gi) 
to the vertex Vi, where Oj is the coefficient of Ci in C, mj = —CiCi, and gi 
is the genus of Cj. If Vi has label {—l,mi,gi), we refer to Vi as a —1 vertex. 
If a —1 vertex v with genus is connected to exactly 2 vertices vi and V2 
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such that 01 + 02 = — 2, or if t; is connected to exactly one vertex Vi with 
Oj = —2, we refer to v as a bridge. 

For Vi a vertex with Oj > —1 (resp. Oj < —1), we say that Vi is connected 
to a — 1 vertex vj if there exists a path connecting Vi to Vj such that every 
vertex Vk 7^ on the path has coefficient o^ > Oj (resp. a/; < Oj) and 
genus 0. For each coefficient o 7^ —1 of a component of C, let Sa denote 
the collection of vertices with label (o, •, •) connected to a —1 vertex which 
is not a bridge. Let Ra denote the collection of vertices in Sa which are 
in addition connected to a bridge. Let Ba denote the collection of bridges 
connecting vertices with labels o and —2 — a. Finally, let C Ba denote 
the collection of bridges connected to a vertex in Ra- 

Definition 1. Let C be a smooth divisor with simple normal crossings on 
X. Let d denote the number of edges connecting two —1 vertices on the 
resolution graph. We define the elliptic genus Ell{X,C; z,t) = 



As in the above formula, we often write 'd{t) for ■d(t,T). For convenience, 
we also define for a pair (X, C) the "naive" elliptic genus Ellnv{X,C\ z, r) = 



/ Afl^nfL^ TT ^& + 2z)^}{z) ^ ^(H-K + im^) 
Jx \}, , + z)^{2z) ^i t. - miau + 1).) ■ 



Suppose that Z is a normal surface, and let / : X ^ Z be a log resolution 
with Kx = f*Kz + C. We define the singular elliptic genus of Z to be 
Ell{X,C; z,t). More generally if Kz — A has a well-defined pull-back, we 
define Ell{Z, A; z, r) = Ell{X,C; z, r) where this time C is defined by Kx = 
f*{Kz — A) + C. We will show in section [J] that Ell{Z, A; z, r) is independent 
of the choice of log resolution. 

One could also define the singular elliptic genus of a normal surface Z as 
follows: Choose a resolution f : X ^ Z with exceptional divisor C = ^ OjCj 
and introduce a perturbation Cg = ^ehiCi so that C + has no — 1 
coefficients. Define Ell{Z; z,t) to be the limit as e ^ of Ell(X,C + 
Cs',z,t) if the limit exists, where in this case Ell(X,C + Ce;z, r) is the 
elliptic genus of {X,C + C^) introduced by Borisov, Libgober, and Chin- 
Lung Wang. One way to introduce such a perturbation is let H be an ample 
divisor crossing through the singularities of Z, and define Cg by the relation 
Kx = f*{Kz + eH) + C + Cg. This is the approach taken by Borisov 
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and Libgober in [3j. In general, Ell{Z; z,t) depends on the choice of the 
perturbation. In what follows, will show that for all normal singularities 
which are not purely log-canonical, and also for simple elliptic singularities, 
we can choose a perturbation so that the limit exists and corresponds to 
Ell(Z; z,t) as given in definition [TJ Note that by the classification given in 
[1], these constitute all normal surface singularities except for 6 types (cusp 
singularities, and quotients of cusp and elliptic singularities). 

Remark 1. We will see that the definition [1] is chosen to ensure that 
Ell{Z, A; z,t) is invariant under the choice of birational model. We note 
however that there remains some ambiguity as to the proper way to count 
the contributions to Ell(Z, A; z,t) coming from vertices in Sa- For those 
cases in which we can compare Ell(Z; z,t) to other invariants of normal 
surfaces, |5a| = 0, so this ambiguity disappears. 

4. Birational Invariance of the Singular Elliptic Genus 

Theorem 1. For Z a normal surface, let either A = or Kz — A 6e Q- 
Cartier. Then Ell{Z, A; z,t) is independent of the choice of log resolution. 

Proof. Let {X, C) — > (Z, A) be a log resolution. It suffices to prove that 
if {X,C) is the blow-up of (X, C) at a point with normal crossings with 
respect to C then Ell{X,C; z,t) = Ell {X ,C; z,t). ^Let f : X ^ X he the 
blow-up map, with exceptional divisor E. Then TX is stably equivalent to 
f*TX e 0{-E) e 0{-E) e 0{E) (see [6]). 
There are five cases to consider: 

CASE 1: X is the blow up at Ci fl C2, where Ci and C2 have coefficients 
equal to —1 in C. Then E has coefficient equal to —1 in C. We assume for 
notational simplicity that Ci and C2 are the only components of C. Then 
EII{X,C;z,t) = 

f f A ^^^(^ ~ f -m-E - z)^'{0) \ ' E^iE - z)^'{0) 
Jx ^{^) J I ^{-E)^{-z) / ^{E)i){-z) 

^'d{f*Ci-E + 2z)'d{z) d{E + 2z)d{z) i?(3z)i?(z) 
§(f*Ci -E + z)i}{2z) ^ ^{E + z)^{2z) ^ ^ T?(2z)2 ' 

Write the above expression as: 



/*{ n '^^lfi)'^ }^(^' rc,,f*c,) + 2 



where R{E, f*Ci, f*C2) = I + Ri{f*Cu f*C2)E + R2{f*Ci, f*C2)E^ . By 
the projection formula, the above integral evaluates to: 



.\ ^i^i) l\m + zmz) ^^'^^'(0)2' ^i2zy 
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If we let F{t) = t-3fi(t,0,0), then i?2(0,0) is the residue of F{t) at i = 0. 
Note that F{t) = 

^{t + z)^'{0) i9{t + 2z)t?'(0) ^{t - 2z)^'{0) ^{t - 2z)i?(z) 
i}{t)'&{z) i}{t)'&{2z) i}{t)'d{-2z) -dit - z)'d(2z) 

Using the transformation properties of the Jacobi theta function, one easily 
checks that F{t) defines a meromorphic function on a complex torus. Thus, 
Rest=oi^(i) = -Rest=,F(t) = {|W}2-?i^^_ ^e therefore have that 
EII{X,C;z,t) = 

A - ^) A ^{Ci + 2z)d{z) _ §{?,z)d{z) „^(3z)^(z) 



X 



which equals Ell(X,C; z,t). Note that passing from r(C) to r(C) leaves 
the — 1-connectivity properties of r(C) and the multiplicities of bridges of 
r(C) unchanged. This justifies our assumption that Ci and C2 are the only 
components of C. 

CASE 2: X is the blow-up at Ci H C2 where Ci has coefficient —1 in C 
and C2 has coefficient a / — 1. One proceeds as in CASE 1, replacing the 
factor 

-pr ^{Ci + 2Z)^Z) 

l\ d{Ci + z){){2z) 

with the factor 

i?(Ci + 2z)§{z) i9(C2 - (a + 1)z)t9(-z) 



??(Ci + z)i?(2z) ??(Ci - z)i?((a + l)z) 
in the definition of EU{X ,C; z,t). By similar computations as above, we 

WJfip 



get that Ellnv{X, C; z, r) = EllnviX, C; z, r) - l^Rest=oF(t) where 



is given by: 

^(t + z)'d'{0) Y ^t- z)^'{0) ^(-t + 2z)^{z) 
^{t)^{z) J + z)i?(2z) ^ 

^{t + (a + - (a + l)z)^z) 

i3{t + z)T9((a + l)z) i}{t - z)^{{a + l)z) ' 

One easily computes that Rest=oF{t) = Hence: 

i?((a + 2)z)i?(az) 
^{{a + l)zy 

To complete the proof, it therefore suffices to check that the extra summa- 
tions that occur in definition [T] differ by as we pass from T{C) 

to r(C). There are two cases to consider: either the vertex corresponding 
to Ci is a bridge, or it is a —1 vertex which is not a bridge. In the second 
case, it is easy to see that the cardinality of Sa simply increases by 1 as we 



Elln.iX, C- z, t) + ' = EllnviX, C- z, r) 
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pass from T(C) to T{C), which finishes the claim. Otherwise, since the self 
intersection number of Ci decreases by 1 after blowing up, the expression 
l-SaV^al + l-^^a] — Z^^.gs' "ij — 1 remains unchanged, while the sum Ylvi^Ba 
increases by 1. This completes the proof of the claim. 

CASE 3: X is the blow-up at Ci D C2 where Ci has coefficient aj 7^ — 1 
and 01 + 02 = —2. All computations are the same as in CASE 1, except 
that now we replace the function F{t) by: 

^{t)^{z) J ^{t)^{-z) ^{t + z)^{2z) Ai ^{t + z)^{{ai + l)z) ■ 

One easily computes Rest=oF(t) = -Rest=_2F(t) = H^i ^(([+a])zW^) ' 

Since 01 + 02 = —2, the exceptional divisor of the blow-up contributes a 
bridge vertex v to the graph T{C) with self intersection number — m„ = — 1. 
Based on the above calculations, and the formula given in definition [H to 
complete the claim, it remains to show that the contribution to the elliptic 
genus: 

, T?((o + 2)z)^(oz) , ^ ^^ ^{{a + 2)z)^az) 

is the same for both r(C) and r(C). The only change in T{C) which could 
potentially change the above sum is if there exists vertex w with label Oj 
{i = 1, 2) which is in 5^- as a vertex in r(C), but in i?^. as a vertex in T{C). 
In other words, w ends up being connected to the bridge v upon passing 
to r(C). In this case however, the contribution from w is unchanged, since 
m„ — 1 = 0. Therefore the above sum is the same for both graphs. 

CASE 4: X is the blow-up at a point p € Ci, where Ci has coefficient 
—2. This blow-up creates a special kind of bridge: one adjacent to a single 
vertex with label —2. Again, one proceeds as in CASE 1, replacing F{t) 
with: 

■ ^{t + z)^'{0) Y^{t - z)^'{0) ^{t + 2z)'d{z) ^{t - z)^{z) 
^{t)^{z) J ^{t)^{-z) ^{t + z)'&{2z) ^{t + ■ 

This time -F(t) is a meromorphic function on a torus whose only pole occurs 
at t = 0. It follows that 'Rest=oF{t) = 0. Thus, it remains to show that the 
extra summations associated to the combinatorics of r(C) remain unchanged 
as we pass to r(C). But this is evident from the fact that there are no 
contributions to the summations in definition [1] coming from —2 vertices or 
their associated bridges, since '^t(-^zy^^ ~ ^" 

CASE 5: X is the blow-up at CinC2 where Ci has coefficient Oj 7^ — 1 and 
oi + 02 7^ —2. One easily verifies, as in the proof of the change of variable 
formula for the elliptic genus that Ellnv{X, C; z,t) = Ellnv{X, C;z,t). 
Therefore, it suffices to show that the extra summations in definition [1] re- 
main unchanged as we pass from r(C) to r(C). Let Vi denote the vertices of 
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r(C) corresponding to Cj. Clearly r(C) is obtained from r(C) by connect- 
ing f 1 and f 2 to a vertex vs with label oi + 02 + 1 and genus 0. Assume are 
both greater than —1. Then ai + a2 + 1 > Oj, so the connectivity properties 
of the vertices of r(C) are unchanged after inserting v^. The same goes for 
the case when ai < —1, for in this case ai + 02 + 1 < aj. Finally, if the 
signs of ai differ, the connectivity properties of r(C) remain the same after 
inserting V3. This completes the proof. □ 

Remark 2. Suppose Z is an n-dimensional Q-Gorenstein variety which 
is not log-terminal. It may happen that Z possesses a log resolution / : 
X — > Z such that all discrepancy coefficients 7^ —1, even though some 
ai < —1. One might therefore be tempted to define the elliptic genus of 
Z using the Borisov-Libgober formula. The problem with this approach, 
as Borisov and Libgober point out in [3], is proving that the definition 
is independent of the choice of log resolution. For example, if Y ^ Z 
is a different log resolution with discrepancy coefficients bi 7^ —1, it may 
happen that the only way to connect X to y by a sequence of blow-ups and 
blow-downs (and thereby prove that the two definitions coincide) is to pass 
through a resolution possessing a —1 discrepancy. The above theorem shows 
(without relying on minimal models), that at least for the case of normal 
surfaces, such an approach gives an unambiguous definition. 

5. Comparison With Other Invariants 

In this section we compare Ell{Z\ z,t) to some known invariants of sin- 
gular normal surfaces. 

5.1. Simple Elliptic Singularities. We say that Z has a simple elliptic 
singularity if the singularity is obtained by collapsing a smooth genus 1 curve 
to a point. One easily checks that such a singularity is purely log-canonical. 
Prior to the work in this paper, no definition existed even for the stringy 
Euler number of Z. In what follows, we will show that the ample divisor 
approach to defining Ell{Z; z,t) is well-behaved, and that this definition 
coincides with Ell{Z; z,t). Before proceeding, we will need the following 
technical lemma: 

Lemma 1. For j = 1, let cj G H'^{X) and aj ^ 0. Then: 




is holomorphic at z = 0. 



Proof. We may rewrite the above expression as 
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Here y = e^^^*^ and G{y, r) is a cohomology class whose limit is equal to 1 as 
y — > 1. By direct computation, one may verify that the integrand in front 
of r) has a pole of order 1 at y = 1 in front of its cohomological degree 
2 term, and no other poles at y = 1. Since lim^^^i r) = 1, G{y, r) must 
have a zero at y = 1 in front of its degree 2 term. It follows that the limit 
as y ^ 1 of the entire integral exists. □ 

Proposition 1. Let Z be a Gorenstein projective variety with a simple el- 
liptic singularity. Let H be an ample divisor on Z crossing through the 
singular point. Define Ell{Z; z,t) by taking the limit as e ^ of the per- 
turbed elliptic genus Ell{Z, —eH; z, r). Then Ell{Z; z, r) is well-defined and 
EII{Z;z,t) = EII{Z;z,t). 

Proof. Let n : X ^ Z he the resolution of singularities obtained by replacing 
the singular point of Z with an elliptic curve E. For simplicity, we may 
assume that the proper transform of H (which we will also denote by H), 
is a smooth curve which intersects E transversally. 

Since Tr*Kz = Kx+E, we have that ■K*{Kz-eH) = Kx + {l-me)E-eH . 
Therefore Ell(Z, —eH; z, r) is equal to: 

- z) - mez)d{z) - (1 + e)z)^(z) 



X 



^ ^i£l - zWmez) - z)m + e)z) ' 



Here Xi denote the formal Chern roots of TX. From the above expres- 
sion, Ell{Z, —eH;z,T) is evidently a meromorphic function in the variable 
e. Thus, liniir^Q Ell{Z, —eH; z,t) exists iS lim^^QeEll^Z, —eH; z,t) = 0. 
By inspection, this second limit is easily seen to be equal to: 



m 



f Yf^!32k^^3M = ]_Ell{E;z,T) =0. 



Therefore lirHir^Q Ell{Z, —eH; z,t) exists. Call this limit G{z,t). Define 
F{z,t) = EII{Z;z,t) -G{z,t). 

CLAIM: F{z, r) is holomorphic for (z, r) G C x H. We first claim that 
Ell(Z; z,t) is holomorphic. By definition. 



■^^ i=l ^^2m 



' x.^^,-z)^{£j + 2zMz 

E 



^{J^. + zM2z) 

The possible poles of Ell{Z; z,t) occur at the points of the lattice + 
^Z. By lemma [H EII{Z;z,t) is holomorphic at z = 0. We check that 
Ell{Z; z,t) has no pole at ^; the remaining cases are similar. It suffices to 
show that lim^^^ 'd{2z)Ell{Z; z, r) = 0. Evaluating this limit and using the 
translation rules of the Jacobi theta-function gives the expression: 
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which is zero since E = T'^ . Thus, Ell{Z; z, r) is holomorphic. To finish the 
claim, it therefore suffices to prove that r) is holomorphic in (z, r). Fix 
r G EI and define the function g{e, z) = Ell{Z, —eH; z, r)i?(mez)'!?((l + e)z). 
It is clear by lemma [Hand the transformation properties of theta functions 
that g{e, z) = 'd{z)'^g{e, z), where g is holomorphic, with ^(0, z) = 0. Hence 

lim EtliZ, —eH\z, r) = — — - — 

is holomorphic in z. 

CLAIM: F{z,t) is a weak Jacobi form of weight and index 1. Let us 
first examine how F(z,t) transforms under the action of 5^2 (^)- It suffices 
to check the cases for the generators of the /S'L2(Z)-action {z, r) i— > (z, r + 1) 
and (z,r) ^ (f,-^)- The identity F{z,t + 1) = e''^/^F{z,T) is trivial. 
To verify that = e^'^*^^/^F(z, r) we first calculate how G{z,t) 

transforms. Since we are only interested in the degree 2 term of the integrand 
of Ell{Z; z, T, —eH), we have that: 

Ell{Z;-,—,-eH) = 

T T 

^.=1 ^(2ft7'-7) ^(%i,-i)^(IM£,-i)^(Spi,-i)^((i±£)£,-i)' 

By the transformation formula ^ for the Jacobi theta function, this ex- 
pression equals: 

^2mzyr f ^Kx+(l-me)E-eH fj " ^) ' ^^^^ ^)^(^' ^) 



X " ^i^i,r) ^{^^-z,T){}{mez,T) 



^{£l-{l+e)z,T)^{z,T) 



^{£l-z,T)m + e)z,T) 

Expanding e^^+(i-™=)^-^^ and using {Kx + {l-me)E-£H)E = tt*{Kz- 
eH)E = 0, we may rewrite the above expression as: 

[ n _ ,K^Ml~me)E-eH. A - ^^r) - [l + e)z,r)^{z,r) 

+ e^-^i-VrEll(^z-z,T,-eH) 
Taking the limit as e ^ we get that G{^, — i) is equal to: 

/ (1 - e^^+^) n "^^^f " ''"^ + e^-'I^G{t,r). 
Jx fj[ "^i^FiJ 

Now an analogous calculation shows that Ell{Z; ^, — i) = 



2 



/ (1 - e^-^^) n "^^^ffi.. ''^^ + e'-'/^Ell{Z; z, r). 
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For this case, we are using {Kx + E)E = Ke[E] = 0. It follows that 
F(^,—^) = e^'^*^ ^'^F{z,t). The verification of the lattice transformation 
formula: F{z + a + bT,T) = e~^'^^^^'^'^^'^^^^ F{z,t) proceeds along similar lines 
and is left to the reader. 

It follows that F(z, r) transforms as a weak Jacobi form of weight and 
index 1 under the full Jacobi group. Up to a constant, there is only one 
weak Jacobi form (fiQ^i of this weight and index [5j. Even without verifying 
that F{z, r) has a Fourier expansion (and hence, is a genuine weak Jacobi 
form), it is straight-forward to prove that F{z,t) = c(Pq^i{z,t): For each r, 
the quotient defines a meromorphic function on the torus E-r- If 

is non-constant for generic r, then vanishes precisely at the zeros of 
4>o^i, which are the zeros of the Weierstrass p function. Therefore, we must 
have = p{z, r), which contradicts the fact that p has a nontrivial weight 

under the action of the Jacobi group. Thus, is a modular form invariant 
under the modular group, and is therefore constant. 

Finally, one easily computes lim^^joo limr-»joo r) = Xoi^) — 

Xo{X) = 0. However, up to a constant, 0o,i is the elliptic genus of a K3 
surface. Since lim^^joo linir^icxa e^'^'^-E//(-Rr3; z, r) = xo{K3) = 2, we must 
have that c = 0. This completes the proof. □ 

5.2. Comparison with Veys' stringy ^'-function. We again recall the 
definition of Batyrev'stringy £^-function for Q-Gorenstein varieties Z with 
log-terminal singularities. Let f : X ^ Z he a log resolution with Kx = 
f*Kz + Yli'^iF^i- The log-terminality condition implies that Oj > —1. The 
stringy S-function of Z is then given by the expression: 

EMZ; n, V) = EiDy, u, v) \{ ^J^^'^^ ^ . 

Here D'} = f]j Dj\[jjc A- 

We restrict our attention to normal surfaces Z. Let f : X ^ Z he 
a log resolution. Veys made the following observation [7j: Suppose the 
exceptional curve of the log resolution contains a component C = which 
intersects, with multiplicity one, exactly two curves Ci and C2. Let Cj have 
coefficient and let C have coefficient a. Notice first that since Kx = 
f*Kz + aiCi + 02C2 + aC + we get, after multiplying both sides by C, 
that oi + 02 + 2 = m{a + 1), where m = —C ■ C. Now the contribution from 
C to the stringy E'-function of Z is given by: 

- l)(L'^+i - 1) ^ (L-^a+i _ - 1) ^ ^ ^ (L«+i - 1) 

where for convenience we have substituted L for uv. Using oi + 02 + 2 = 
m{a + 1), this expression simplifies to: 

(L - l)2(L™{«+i) - 1) _{L- i)2(2,{™-i)('^+i) + ... + 1) 

(L«+i - l)(L'»i+i - l)(L«2+i - 1) ~ - l)(L'^2+i - 1) ■ 



12 



ROBERT WAELDER 



In particular, the above expression makes sense even when a = — 1. In this 
case, the contribution from C to the stringy S-function is given by 



(5) '"<^-^' 



[L^i+i - l)(L»2+i - !)■ 

A similar analysis applies to the case when C intersects, with multiplicity 
one a single curve Ci with coefficient ai. In this case, the contribution from 
C to the stringy i?-function is obtained from the above formula by setting 
a2 = 0. 

Suppose then that our log resolution f : X Z has the property that 
every curve C in the exceptional locus |Jj Ci with coefficient —1 has genus 
and intersects either one or two exceptional curves with multiplicity one. 
Then, motivated by the above observation, Veys defines the stringy E func- 
tion of Z to as follows: Let S C I denote the subset of indices such that 
ai = —1. For i G S, let = —Ci • Ci and Oj^. {k = 1,2) the coefficients 
of the divisors Cj^. that intersect Ci. Then define the stringy i?- function 
Estr{Z-u,v) as: 

E y-i- uv — I mi{uv — l)'^ 

E{Cj;u,v)ll (^^^,,+1 _ 1 +Z> ((^^)a,,+i _ - !)■ 

We refer to the specialization Estr{Z; u, 1) as the stringy Xy genus of Batyrev- 
Veys. 

Note that from the relation mi{ai + 1) = Oj^ + ai^ + 2, if ai = —1 then 
flji +ai2 = —2. Thus, the vertex corresponding to Ci in the resolution graph 
of X is a bridge. We may therefore interpret the condition for Veys' stringy 
i?-function to be defined as saying that the resolution graph of X contains 
only bridge —1 vertices, which connect at most once to each of their adjacent 
vertices. 

Theorem 2. Let Z he a normal surface without strictly log- canonical singu- 
larities. Then Ell(Z; z, r) has a (possibly not unique) limit for any perturba- 
tion of the exceptional divisor of a log resolution. Moreover we can choose a 
perturbation so that Ell{Z; z, r) = Ell{Z; z, r). Finally, the stringy Xy genus 
defined by Ell{Z; z,t) corresponds to the stringy Xy genus of Batyrev-Veys. 

Proof. By [7J , the only — 1 vertices in the resolution graph of a log resolution 
of Z are bridges connected with multiplicity one to their adjacent vertices. 
We first show that the perturbation approach to defining Ell(Z; z, r) always 
gives a limit. Let f : X ^ Z he a log resolution of Z with exceptional 
divisor C = ^OiCi. Introduce a perturbation divisor = ^ebjCj. Then 
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Ell{X, C + Ce] z,t) is given by: 



•^^ i=l 



n 



^?(&-(afc + l+e6fc)z)^?(z) 



For each = with coefficient aj = — 1 , let Cj-^ , C^j denote the exceptional 
curves which intersect Cj. Then the above integral splits into the following 
summation: 

Here the +... indicates terms which do not involve curves with —1 coeffi- 
cients, and therefore have well-defined limits as £ ^ 0. Multiplying the 
above expression by e and taking the limit as £ — > therefore gives us: 



Ell{F^ ,aj^pi + aj2P2; z, r). 



Since aj^ + aj^ = —2, Ell{¥^,aj^pi + aj^p2;z,T) = 0. The easiest way to 
see this is to let pi and p2 be the north and south poles of P^, and compute 
Ell{¥^, aj^pi + aj2P2', z, r) using the localization formula, with the standard 
action on P-*^. This gives us: 

^t-iaj, + l)z)i9iz) ^{-t-{aj^ + l)z)i9{z) 
- z)-d{{aj, + l)z) ^{-t - z)^{{aj^ + l)z) ' 

This sum clearly evaluates to zero, since (a^j -|- 1) = — (a^^ + !)■ It follows 
that lim^^o Ell{X, C + C^; z, r) exists. 

We now show that Ell(Z; z, r) = Ell(Z; z, r) for an appropriate choice of 
a perturbation C^- We introduce the following perturbation: Let Cj = ¥^ 

be a component of C with coefficient —1 connected to Cj^,, k = 1,2. Let 
rrij = —Cj • Cj. Define Cj^e to be the perturbation ehj^Cj^ + ebj^Cj^ + sbjCj, 
where bj^,hj satisfy rrijbj = bj^ + bj^. Define Cg = ^aj=-i take 

Ell{Z; z, t) to be the limit as £ ^ of Ell{X, C + C^; z, r). 
Ellnv{X,C; z,t) exhibits the following sum decomposition: 

a^Jxfi ^{§, + zM2z)t\^{^~zma,, + l)z) 

where again +... represents terms that do not involve exceptional compo- 
nents with coefficients Oj = — L It is clear that the terms represented by 



14 ROBERT WAELDER 

+... in the expressions for Ell{X,C + Ce; z,t) and Ellnv{X,C; z,t) coincide 
when we let e ^ 0. Therefore we are reduced to proving that: 



TTT-i 



In the above equation, expand — as 1 + C^GiCi, z), and expand 

^^2ji £bjz)i9{z) 2 + CjFiCj, z). The above equation reduces to: 
i)(^^-zmeb,z) 3 \ 3 I 



' ^((a,,+l)z)2 .^oi. .^(^I^) ^(^) - 



Here p^,, = PI Cj,,, x = ci(P^), and v = ci(0(— mj)). Notice that the 
above equation depends only on the values of aj^,bj,bji_,, and mj. Assume 
first that mj = 1. 

Let Ci and C2 be the curves in = {[x : y : z]} given by x = and 

Ell(F'^,aj^Ci + aj^C 

ceptional divisor E. 

^{{aj, +2)z)^{aj^z) 



y = 0. Consider the relative elliptic genus Ell{T'^ ,aj^Ci + aj^C2', z,t). Let 
p2 be the blow-up of at Ci n C2 with exceptional divisor E. Then 



(7) M/(P2, aj^Ci + aj^C2 - E; z, r) + 



2 



ElliF"^, Uj^Ci + aj^C2; z, r 



i2 



Let A = 6j^Ci + 6j2^2- Consider the relative elliptic genus Ell{¥ ,aj^Ci + 
aj^C2 + eA; z, r). By the change of variable formula for the elliptic genus, 
this is equal to 

Ell{F^, (oj, + ebj^)Cj^ + (aj2 + ebj2)Cj^ + {ebj - 1)E; z, r). 

Clearly taking the limit of the above expression as e — > reproduces the 
relative elliptic genus Ell{F'^, Ci + a^-j C2 ; z, r). Comparing this limit with 
the LHS of ([7]) reduces to the exact same equation as in ([6]). This proves 
equation ([6|) when nij = 1. 
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Assume now that nij > 1. With Ci,C2 C defined as above, define 
A = {bj — bj^)Ci + hj^C2- Define a sequence of rrij blow-ups of as fohows: 
the first blow-up occurs at Ci fl C2. Let E be the exceptional divisor. The 
second blow-up occurs at Ci fl E, where Ci denotes the proper transform of 
Ci. For z > 1, if TTj : BljP^ Blj_iP^ is the i-th blow-up, with exceptional 
divisor Di, then the (i-l-l)-st blow-up occurs at EODi, where E is the proper 
transform of E. It is easy to check that at the mj-th stage, E intersects 
C2 and Dmj once and that the coefficients of these divisors are bj2 and bj-^ , 
respectively. By the change of variable formula, 

Ell{F'^,aj^Ci + aj,,C2;z,T) = lim ^//(Bl„P^ 1); z, r) 

where D is defined by ir^^Kp^ — aj^Ci — C2 — eA) + D = K-qi^ ^,2. The 
proof then follows by applying the same argument as in the rrij = 1 case to 
B^P2^ 

Finally we show that the stringy Xy genus defined by Ell{Z; z, r) coincides 
with Veys' stringy Xy genus. By proposition 3.9 in [3], the relative Xy genus 
defined by the relation y lim,-^joo Ell{X, D; z, r) = x-y{X, D) coincides with 
the stringy Xy genus of {X^D). Consider therefore the relative Xy genus 
Xy{X,C + Ce) where is the perturbation defined above. Let Cj be a 
divisor with coefficient —1 intersecting divisors Cj^, k = 1,2. Then the 
contribution to Xyi^iC + Ce) coming from Cj is given by: 

By assumption bj^ +^j2 = ''^j^j- Thus, the above contribution simplifies to: 

{y - l)2(y^b.K-i) + ... + 1) 

_ l)(y%2+S^J2 - 1)' 

Taking the limit at e — > gives precisely the same contribution to the stringy 
Xy genus as in Veys' formula. This completes the proof. □ 

In case all the bridges of the resolution graph of Z are connected to a 
single vertex with coefficient —2, we may define Ell(Z; z,t) by using the 
perturbation by an ample divisor approach of Borisov and Libgober. In this 
case we get in addition that EH{Z; z,t) is holomorphic. We may therefore 
compare Ell(Z; z, r) to Ell{Z\ z, r) using the same argument as in proposi- 
tion [TJ All of the essential details are illustrated by the following example: 

Example 1. Consider a complete normal surface Z with a singularity 
of type + y^ + yz^, and with otherwise log-terminal singularities. For 
example, we could let Z be the singular variety defined by the equation 
xf + x^X2 -I-X2X3 in P(3, 1, 1, 1). Aside from the above prescribed singularity 
in the affine neighborhood X4 ^ 0, this space has an Eg (hence canonical) 
singularity in the neighborhood X2 7^ 0. To resolve the x'^ + y^ + yz^ sin- 
gularity, first apply a weighted blow-up at the origin, with weights (3, 2, 1). 



16 



ROBERT WAELDER 



The proper transform has an isolated Ai-singularity; blowing up one more 
time gives a resolution of singularities with two exceptional curves. How- 
ever, it is not a log resolution, since the two exceptional curves intersect 
at a single point with multiplicity 2. Blowing up two more times therefore 
gives a log resolution : X ^ Z with four exceptional curves Ei ^ It 
is straight-forward to check that Kx = 'n'*Kz — Ei — E2 — E-^ — 2E4, with 
-E'i-E'4 = 1 for i = 1,2,3, and EiEj = for i,j ^ 4, i 7^ j. The resolution 
graph of X therefore consists of a vertex for £'4 connected by three edges to 
the three — 1 vertices corresponding to i?i , £"2 , -Es . 

We now verify that EU(Z; z,t) is holomorphic. First observe that for 
p G P^, Ell{¥^, —2p;z,t) = 0. Indeed, we may assume that p is the north 
pole of P^ and use the localization formula with the obvious action. We 
get that Ell{F\ -2p; z, r) = 

T^{t - z)^{t + z) d{-z) d{-t-z) _ 
i™ d{t)d{t - z) Jiz)' ^ d{-t) 

It follows that the contribution of Ell{Ei, —2E4) ^Ij^I) ^ ~ 1,2,3 to 
EU{Z; z,t) is equal to zero. Furthermore, since the coefficient 04 of E4 
is equal to —2, the contributions ^^^^^(^i^al)!)^^^ *° EU{Z; z,t) also vanish. 
Therefore, the singular elliptic genus of Z is given by the expression: 

Since the Ej are pair-wise disjoint for j = 1,2,3, the above expression may 
be rewritten as: 



X 



Clearly the only possible poles for Ell{Z; z,t) occur at the half-integral 
lattice points. We will verify that Ell{Z; z,t) has no pole at z = ^. As 
usual, the proofs for the remaining cases are the same. Evaluating the limit 
lim^^r ■d{2z)Ell{Z; z, r) gives: 



= 2,e-^^-^{L)Ell{¥\-2p-J-,T) = Q. 



The triviality of £'//(P^, — 2p; z, r) also implies that Ell{Z; z,t) is holomor- 
phic. By the same argument as in proposition [U Ell(Z; z, r) = Ell(Z; z, r). 

References 



[1] V. Alexeev, Classification of log canonical surface singularities: arithmetical proof, 
Flips and abundance for algebraic threefolds, Asterisque, 211, pp. 47-58, 1992. 



SINGULAR ELLIPTIC GENUS OF NORMAL SURFACES 



17 



[2] V.V. Batyrev, Non-Archimedian integrals and stringy Euler numbers of log-terminal 

pairs, 3. Eur. Math. Soc. (JEMS), 1, pp. 5-33, 1999. 
[3] L. Borisov, A. Libgober, Elliptic genera of singular varieties, Duke Math. J. 116, no. 

2, pp. 319-351, 2003. 

[4] L. Borisov, A. Libgober, McKay correspondence for elliptic genera, Ann. of Math 

161, no. 3, pp. 1521-1569, 2005. 
[5] M. Eichler, D. Zagier, The theory of Jacohi forms. Progress in mathematics; v. 55, 

1985. 

[6] W. Fulton, Intersection theory. Springer- Verlag, BerUn 1998. 

[7] Veys, Willem, Stringy invariants of normal surfaces, J. Algebraic Geom. 13, no. 1, 
pp. 115-141, 2004. 

[8] Wang, Chin- Lung, K-equivalence m birational geometry and characterizations of com- 
plex elliptic genera, J. Algebraic Geom. 12, no. 2, pp. 285-306, 2003. 

[9] J. Wlodarczyk, Toroidal varieties and the weak factorization theorem. Invent. Math. 
154 no. 2, pp. 223-331, 2003. 
E-mail address: rwaelder@iiiath.ucla.edu 



